Let q ≥ 3 be an integer, χ denote a Dirichlet character modulo q, for any real number a ≥ 0, we define the generalized Dirichlet L-functions
χ(n) (n + a) s , where s = σ + it with σ > 1 and t both real. It can be extended to all s by analytic continuation. For any integer m, the famous Gauss sum G(m, χ) is defined as follows:
χ(a)e am q ,
Introduction
Let q ≥ 3 be an integer, χ denote a Dirichlet character modulo q. For any interger m, the famous Gauss sum G(m, χ) is defined as follows:
χ(a)e am q , where e(y) = e 2πiy . In particular for m = 1, we write τ (χ) = q a=1 χ(a)e( a q ).
The various properties and applications of τ (χ) have appeared in many analytic number theory books (see Ref. [1] - [3] ). Maybe the most important property of τ (χ) is that if χ is a primitive character modulo q, then |τ (χ)| = √ q. If χ is a non-primitive character modulo q, then the values distribution of τ (χ) is more irregular, even more it may be zero! But, it is surprising that τ (χ) appears to have many good value distribution properties in some problems of the weighted mean value. In this paper, we want to show this point.
Now let a ≥ 0 be an integer, generalized Dirichlet L-functions L(s, χ, a) defined by L(s, χ, a) = ∞ n=1 χ(n) (n + a) s , where s = σ + it with σ > 1 and t both real.
About the generalized Dirichlet series, B. C. Berndt (see Ref. [4] - [6] ) studied many identical properties satisfying restrictive conditions. The first author (see Ref. [7] ) also got the following asymptotic formula about the generalized Dirichlet L-functions
where ζ(s, α)(s = σ + it, α > 0) is the Hurwitz zeta function defined for σ > 1 by the series
and φ is the Euler function, µ is the Möbius function, the O constant only depends on a.
The first and second authors (see Ref. [8] ) also study the mean value properties of the generalized Dirichlet L-functions with Dirichlet character and the generalized trigonometric sums.
In this paper, we will study the mean value properties of the generalized Dirichlet L-functions with the weight of the Gauss sums
where χ =χ 0 denotes the summation over all non-principal characters modulo q, m is any non-negative real number. So far, no one seems to have given any results on this content, and we don't even know if it has a good mean distribution property. In particular, we shall prove the following main conclusion:
Theorem. Let q ≥ 3 be an integer and q = MN, M = p||q p, (M, N) = 1, χ denote a Dirichlet character modulo q. Then for any real number m > 0 and positive real number a ≥ 1, we have the asymptotic formula
where p||q denotes the production over all prime divisors satisfied with p|q and p 2 †q, φ is the Euler function, ζ(s, α)(s = σ + it, α > 0) is the Hurwitz zeta function, ǫ is any fixed positive number.
Some lemmas
To complete the proof of the Theorem, we need the following several lemmas. First, we make an identity of the Dirichlet L-functions and the generalized form. Lemma 1. Let q ≥ 3 be an integer, and χ denote a non-principal Dirichlet character modulo q. Let L(s, χ) denote the Dirichlet L-functions corresponding to χ, and L(s, χ, a) denote the generalized Dirichlet L-functions. Then for any real number a ≥ 0, we have
.
Proof. See Lemma 1, and let m = 1 (Ref. [7] ).
Then for any character χ modulo q, there exist a unique character χ u modulo u and a unique character χ v modulo v such that χ = χ u χ v , and
Proof. See Theorem 13.3.1 of reference [2] .
Lemma 3. Let p be a prime, α be a positive integer with α ≥ 2, n = p α . Then for any non-primitive character χ 1 modulo n, we have the identity
Proof. For any non-primitive character χ 1 modulo n = p α , it is clear that χ 1 is also a character modulo p α−1 . if b and l round through a complete residual system modulo p α−1 and modulo p, respectively, then b + p α−1 l also round through a complete residual system modulo p α ; so noting that χ 1 is a character modulo p α−1 and the identity
This completes the proof of Lemma 3.
Lemma 4. Let q and r be integers with q ≥ 2 and (r, q) = 1, and χ be a Dirichlet character modulo q. Then we have the identities *
where µ(n) is a Möbius function, φ(n) is a Euler function, and J(q) denotes the number of all primitive characters modulo q.
Proof. See lemma 3 of reference [9] .
Lemma 5. Let q ≥ 3 be an integer and q = MN, M = p||q p, (M, N) = 1, χ denote a Dirichlet character modulo q. Then for any real number m > 0, we have the asymptotic formula
where p||q denotes the production over all prime divisors satisfied with p|q and p 2 †q, φ is the Euler function, ǫ is any fixed positive number.
Proof. See Theorem, and let k = 1 (Ref. [10] ). Proof. For convenience, we put
Then applying Abel's identity, by analytic continuation we have
We will estimate each of them. Firstly we estimate A 1 , According to Lemma 4, we have
where ′ n indicates that the sum is over those n relatively prime to q.
In the following we will estimate A 2 , A 3 and A 4 , According to Cauchy inequality and Polya-Vinogradiv inequality about character sums we can easily get
Similarly, we also have
Combining the formulas (1)- (5), we immediately obtain *
This completes the proof of Lemma 6. Proof. According to Abel's identity, and A(χ, y) = N d≤n≤y χ(n) as defined in the proof of Lemma 6, we have *
We will estimate each of them. Firstly we estimate B 1 . According to Lemma 4, we have
we also could get
Combining the formulas (6)- (10), we immediately obtain *
This completes the proof of Lemma 7.
Proof of Theorem
In this section, we shall complete the proof of the theorem. First, from Lemma 1, we get
where
From Lemma 5, we could get C 1 immediately. Therefore, we will estimate C 2 , C 3 and C 4 later. 
. . . 
Then we take (12) into (11) and get
According to Lemma 6, we easily get (ii) The asymptotic formula of C 3
Following the similar method in part (i), we could get the asymptotic formula of C 3 , that is (iii) The asymptotic formula of C 4
Lastly we will derive the asymptotic formula of C 4 . Following the similar method of C 2 and Lemma 7, we have 
